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1. Motivation
The harmonic maps into two dimensional space forms naturally arise in the study of constant mean curvature surfaces
in the Riemannian product space H2 × R and the Heisenberg space Nil3. In [13], I. Fernández and P. Mira showed that
the hyperbolic Gauss maps of surfaces with constant mean curvature 12 in H
2 × R are harmonic maps into the hyperbolic
plane H2. In [11], B. Daniel extended the classical Lawson correspondence to the Bianchi–Cartan–Vranceanu spaces E3(κ, τ )
with the base curvature κ and the bundle curvature τ :
R3,Nil3,H2 × R, ˜PSL2[R],S2 × R,S3Berger.
For instance, it provides an isometric correspondence between minimal surfaces in the Heisenberg space Nil3 and surfaces
of constant mean curvature 12 in H
2 × R. In [10], B. Daniel also established that the Gauss maps of the minimal surfaces in
Nil3 are harmonic maps to H2.
Furthermore, the vertical projection of minimal surfaces in H2 × R induces harmonic maps into H2. In [9], P. Collin
and H. Rosenberg constructed an entire minimal graph in H2 × R in order to solve a long standing open problem on the
existence of harmonic diffeomorphism from the complex plane C onto H2. It is worth to mention that, in [12], B. Daniel and
L. Hauswirth exploited harmonic maps induced from certain minimal surfaces in H2 × R to construct properly embedded
minimal annuli in Nil3. The harmonic maps into H2 also appear in the study of constant mean curvature surfaces in the
Lorentz space L3. In [19], T. Milnor established that the Gauss maps of spacelike surfaces with constant mean curvature in
L3 are harmonic maps into H2. In [10], B. Daniel used the harmonic Gauss maps of the semitrough [8,15], a constant mean
curvature surface in L3, to construct a new entire minimal graph in Nil3.
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harmonic Gauss maps into two dimensional space forms. It is the reason why, in this paper, we investigate spacelike
surfaces with zero mean curvature in a Lorentzian Heisenberg space. We will show that their Gauss maps are harmonic
maps into S2.
Before we summarize our main results, we present some comments on the minimal surface equation in the Bianchi–
Cartan–Vranceanu space E3(κ, τ ):
E3(κ, τ ) =
(
V,
dx2 + dy2
[1+ κ4 (x2 + y2)]2
+
[
τ
(
y dx− xdy
1+ κ4 (x2 + y2)
)
+ dz
]2)
,
where V = {(x, y, z) ∈ R3 | 1+ κ4 (x2 + y2) > 0}. We then take the orthonormal frame [6]:
E1 =
[
1+ κ
4
(
x2 + y2)
]
∂x − τ y∂z, E2 =
[
1+ κ
4
(
x2 + y2)
]
∂y + τ x∂z, E3 = ∂z.
The bundle curvature τ satisﬁes the equation ∇ˆV E3 = τ V×E3, where ∇ˆ is the covariant derivative and × denotes the cross
product in the frame (E1, E2, E3).
We now consider a conformal minimal immersion X into E3(κ, τ ) and write X(w,w) = (x+ iy, z) = (F (w,w),h(w,w))
with the conformal coordinate w . Since E3(κ, τ ) admits a Riemannian ﬁbration over the base space form M2(κ) via the
projection (x, y, z) → (x, y), one may consider the relation between the horizontal projection of the tension ﬁeld of X into
the ambient space E3(κ, τ ) and the tension ﬁeld of the horizontal component F into the base space form M2(κ). In fact,
the horizontal part F satisﬁes the perturbed harmonic map equation:
Fww − κ2
F
1+ κ4 |F |2
Fw Fw = iτ2 (Fwη + Fwη),
where η = 2〈Xw , E3〉. Exactly when the bundle curvature τ is vanishing, i.e., when the ambient space becomes the Rieman-
nian product space M2(κ) × R, it becomes the equation for the harmonic map to M2(κ).
2. Main results
Our main aim is to study spacelike surfaces with zero mean curvature in the Lorentzian Heisenberg space Nil31(τ ). We
recall that the Heisenberg space Nil3(τ ) is R3 endowed with the metric
dx2 + dy2 + [τ (y dx− xdy) + dz]2.
On the other hand, our ambient space Nil31(τ ) is R
3 equipped with the metric
dx2 + dy2 − [τ (y dx− xdy) + dz]2.
Here, τ is called the bundle curvature parameter.
By a maximal surface in the Lorentzian Heisenberg space Nil31(τ ), we mean a spacelike surface with zero mean curvature.
In Section 3, we prove that their Gauss maps are harmonic maps into S2. We obtain the Weierstrass type representation
formula for maximal surfaces in the Lorentzian Heisenberg space. Since the Gauss maps of constant mean curvature surfaces
in R3 are also harmonic maps into S2, using the Kenmotsu representation formula for constant mean curvature surfaces in
R3, we can establish a duality between maximal surfaces in Nil31(τ ) and constant mean curvature surfaces in R
3.
In Section 4, we rewrite the Kenmotsu representation formula with prescribed Gauss map. It turns out that these two
Weierstrass type representation formulas are very similar. Comparing the horizontal part of the two representation formulas,
we discover the reciprocity between the mean curvature constant H and the bundle curvature parameter τ . Employing this
observation together with Chern’s Theorem that there is no entire graph of constant mean curvature H = 0 in R3, we prove
that there is no complete maximal surface in Nil31(τ ) with τ = 0.
In Section 5, we perturb the classical Hopf differential for the surfaces in Nil31(τ ) to introduce the Abresch–Rosenberg
differential. Then, the holomorphicity of the Abresch–Rosenberg differential on the maximal surface in Nil31(τ ) is proved.
In Section 6, we ﬁnd a concrete realization of the duality by constructing the twin correspondence between constant
mean curvature −τ graphs in R3 and maximal graphs in Nil31(τ ). This approach naturally generalizes the observation of
L.J. Alías and B. Palmer who proved the equivalence of Bernstein’s Theorem in R3 and Calabi’s Theorem in L3 [5]. We then
employ the twin correspondence to construct several maximal graphs in Nil31(τ ). Their Gauss maps are explicitly given.
3. Gauss map of maximal surfaces in Nil31(τ )
Our ambient space is the Lorentzian Heisenberg space Nil31(τ ) with τ = 0. It is deﬁned by R3 endowed with the metric
dsτ
2 = dx2 + dy2 − [τ (y dx− xdy) + dz]2.
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L1 = ∂x − τ y∂z, L2 = ∂y + τ x∂z, L3 = ∂z,
we ﬁnd that the connection ∇ˆ satisﬁes
∇ˆL2 L1 = −τ L3 = −∇ˆL1 L2, ∇ˆL2 L3 = −τ L1 = ∇ˆL3 L2,
∇ˆL3 L1 = τ L2 = ∇ˆL1 L3, ∇ˆL1 L1 = ∇ˆL2 L2 = ∇ˆL3 L3 = O .
Remark 3.1. For the derivation of the formula (with τ = 12 ), see [17].
The coeﬃcients Γ ki j , i, j,∈ {1,2,3}, are deﬁned by the identity
∇ˆLi L j = Γ 1i j L1 + Γ 2i j L2 + Γ 3i j L3.
One may identify the vector (a,b, c) at (x, y, z) with its coordinates in the Lorentzian orthonormal frame (L1, L2, L3):
a∂x + b∂y + c∂z = aL1 + bL2 +
[
c + τ (ya − xb)]L3.
The formula of the cross product × in Nil31(τ ) reads
U × V = (u2v3 − u3v2)L1 − (u1v3 − u3v1)L2 − (u1v2 − u2v1)L3,
where U = u1L1 + u2L2 + u3L3 and V = v1L1 + v2L2 + v3L3. In the view of the derivative identity
∇ˆV L3 = (−τ )V × L3,
we call −τ the bundle curvature of Nil31(τ ).
To study the maximal surfaces in Nil31(τ ), we shall combine the techniques in [18,10]. Here, maximal surfaces mean
spacelike surfaces with zero mean curvature in Nil31(τ ). Their pullback metrics from the ambient space Nil
3
1(τ ) are Rieman-
nian.
Let X : Σ → Nil31(τ ) denote a conformal spacelike immersion of an oriented Riemann surface Σ . With the conformal
coordinate w = u + iv on Σ , one writes
X(w,w) = (x, y,h) = (x+ iy,h) = (F ,h).
Over the complexiﬁed pull-back bundle X∗(TNil31(τ )) ⊗ C, we introduce the section φ by the formula:
φ = 2 ∂ X
∂w
= φ1L1 + φ2L2 + φ3L3.
The Lorentzian nullity of the section φ immediately follows from the conformality of X :
0 = 〈2Xw ,2Xw〉 = φ12 + φ22 − φ32.
Since the mean curvature vector of X vanishes, the section Xw is holomorphic. When ∇ denotes the induced pull-back
connection, we obtain
O = 4∇ ∂
∂w
(
φ
2
)
=
3∑
k=1
CkLk =
3∑
k=1
(
2
∂φk
∂w
+
∑
1i, j3
Γ ki jφiφ j
)
Lk.
Hence, the coeﬃcient functions C1, C2, C3 are vanishing. The conformality and the maximality lead the system of partial
differential equations:
0 = φ21 + φ22 − φ23 ,
0 = 2∂φ1
∂w
− τφ2φ3 − τφ2φ3,
0 = 2∂φ2
∂w
+ τφ1φ3 + τφ1φ3,
0 = 2∂φ3
∂w
+ τφ1φ2 − τφ1φ2.
To solve this system, we adopt the auxiliary function φ3
φ1+iφ2 , which admits the geometric meaning. We shall show that the
solution of the above system is completely described by the auxiliary function. It requires several steps with a series of
lemmas.
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g = φ3
φ1 + iφ2 , η = φ3 = 2〈Xw , L3〉.
The map g is called the Gauss map of X . It takes values in the Riemann sphere S2 = C ∪ {∞} and the spacelike condition
implies |g| = 1.
Remark 3.2. The Gauss map can be obtained from the unit normal via the stereographic projection with respect to the
south pole:
N = 2Re g
1− |g|2 L1 +
2 Im g
1− |g|2 L2 +
1+ |g|2
1− |g|2 L3.
If we reverse the normal, then the Gauss map g is replaced by − 1g .
We shall prove that if a spacelike surface in Nil31(τ ) admits zero mean curvature everywhere, then its Gauss map satisﬁes
the equation for harmonic map into S2.
Lemma 3.1.
Fw = η
2g
, F w = Fw = η2g , Fw = F w =
gη
2
, g2 = Fw
F w
.
Proof. We recall that X = (F ,h). It follows from
φ = 2 ∂ X
∂w
= φ1L1 + φ2L2 + φ3L3
that
2Fw = φ1 + iφ2, 2F w = φ1 − iφ2
so that, by the Lorentzian nullity of the section φ,
Fw F w = 1
4
η2. 
Lemma 3.2.
Fww = Fww = − iτ4 |η|
2 1+ |g|2
|g|2 g, ηw + ηw = 0.
Proof. Since the horizontal part C1 + iC2 is identically zero, we deduce
Fww = − iτ2 (Fwη + Fwη),
which can be rewritten in terms of the pair (g, η):
Fww = − iτ4 |η|
2 1+ |g|2
g
.
It remains to derive the second equation. We ﬁrst write down C3 = 0:
0 = 2∂φ3
∂w
+ τφ1φ2 − τφ1φ2.
Taking conjugate in both sides yields
0 = 2∂φ3
∂w
+ τφ1φ2 − τφ1φ2.
Recall that η = φ3. Adding these two yields the second equation. 
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gw = − iτη
4g
(
1+ |g|2)2 = − iτ
2
Fw
(
1+ |g|2)2.
Proof. It follows from Lemma 3.1 that
2ggw = ∂
∂w
(
g2
)= ∂
∂w
(
Fw
F w
)
= 1
F w
(
Fww − Fw
F w
F ww
)
.
Employing the equality
Fww − Fw
F w
F ww = Fww − g2Fww = − iτ |η|
2
4g
(
1+ |g|2)2,
we obtain
gw = − iτη
4g
(
1+ |g|2)2. 
Lemma 3.4. Since τ = 0, the height differential η = 2〈Xw , L3〉 can be recovered from the Gauss map g
η = 4i
τ
· ggw
(1+ |g|2)2 .
Remark 3.3. The differential of the vertical part h of X = (F ,h) is explicitly given in terms of g and F :
hw = η
2
− τ (yxw − xyw) = 2i
τ
· ggw
(1+ |g|2)2 −
iτ
2
(F Fw − F F w).
Theorem 3.1. The Gauss map g of the maximal surface in Nil31(τ ) is a harmonic map to S
2 .
Proof. Our claim is that g satisﬁes the partial differential equation
gww − 2g1+ |g|2 gw gw = 0,
which is the equation for harmonic maps into S2 endowed with the conformal metric ( 2
1+|z|2 )
2|dz|2. It follows from
Lemma 3.3 that
− iτ
2
Fww = ∂
∂w
(
gw
(1+ gg)2
)
or
− iτ
2
Fww
(
1+ |g|2)2 + 2g
1+ |g|2 gw gw = gww −
2g
1+ |g|2 gw gw .
Henceforth it is enough to show that
− iτ
2
Fww
(
1+ |g|2)3 + 2ggw gw = 0,
which is equivalent to, by Lemma 3.2,
iτ
2
(
iτ
4
|η|2 1+ |g|
2
|g|2 g
)(
1+ |g|2)3 + 2g|gw |2 = 0
or [
|gw |2 − τ
2|η|2
16|g|2
(
1+ |g|2)4
]
g = 0.
However, from Lemma 3.3, it is immediate that
|gw |2 =
(
iτη
4g
(
1+ |g|2)2
)(
iτη
4g
(
1+ |g|2)2
)
= τ
2|η|2
16|g|2
(
1+ |g|2)4. 
Combining results, we reach the representation formula for the maximal surfaces in Nil31(τ ).
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the Gauss map g and the bundle curvature −τ
Fw = 2i
τ
· gw
(1+ |g|2)2 , Fw = −
2i
τ
· g
2gw
(1+ |g|2)2 ,
hw = 2i
τ
· ggw
(1+ |g|2)2 −
iτ
2
(F Fw − F F w).
The metric induced on the w-plane via the immersion X reads
ds2 = 4
τ 2
(1− |g|2)2
(1+ |g|2)4 |gw |
2|dw|2.
Remark 3.4. The harmonic map equation to S2
gww − 2g1+ |g|2 gw gw = 0
can be represented as the integrability condition
∂
∂w
(
gw
(1+ |g|2)2
)
= ∂
∂w
( −g2gw
(1+ |g|2)2
)
.
The standard integrability argument gives the solution of the prescribed Gauss map problem in Nil31(τ ):
Proposition 3.2. Let g denote a harmonic map from a simply connected Riemann surface to S2 with |g| = 1. If g is nowhere antiholo-
morphic, we can recover the maximal immersion X = (F ,h) satisfying the conditions in the representation formula in Proposition 3.1.
We proved that the Gauss map of a maximal surface in the Lorentzian Heisenberg space Nil31(τ ) becomes a harmonic
map into the two sphere S2. On the other hand, in [16], K. Kenmotsu gave a new proof of Bonnet’s Theorem that a necessary
and suﬃcient condition that the immersion X has constant mean curvature in R3 is that its Gauss map is a harmonic map
into S2. In the next section, we explain that maximal surfaces in Nil31(τ ) and constant mean curvature surfaces in R
3 admit
very similar representation formulas.
4. Calabi–Bernstein problem in Nil31(τ )
In this section, we solve the Bernstein problem in Lorentzian Heisenberg space Nil31(τ ). One may view Lorentzian Heisen-
berg space Nil31(τ ) as a perturbed Lorentz space L
3 = Nil31(0). In the case of the Lorentz space L3, i.e., the degenerate case
τ = 0, Calabi’s Theorem implies that the only entire maximal graphs in L3 are spacelike planes. In [4], A.L. Albujer and
L.J. Alías established Calabi–Bernstein type theorem for entire maximal graphs in Lorentzian product spaces. In the case of
the Riemannian Heisenberg space Nil3(τ ), B. Daniel and L. Hauswirth proved that, in [12], every complete minimal graph in
Heisenberg space Nil3 is entire.
We employ Chern’s Theorem in [7] to deduce the nonexistence of entire maximal graphs in Nil31(τ ) with τ = 0. This
implies the nonexistence of complete maximal surfaces in Nil31(τ ) with τ = 0.
Let X : Σ → R3 denote a conformal immersion of an oriented Riemann surface Σ with the conformal coordinate w =
u + iv . We write
X(w,w) = (x, y, z) = (x+ iy,h) = (F ,h).
Let H denote the mean curvature function of the immersion X . Over the pull-back bundle X∗(TR3) ⊗ C, we introduce the
section ζ :
ζ = 2 ∂ X
∂w
= ζ1E1 + ζ2E2 + ζ3E3,
where E1 = ∂∂x , E2 = ∂∂ y and E3 = ∂∂z . The conformality of X says that
0 = 〈2Xw ,2Xw〉 = ζ12 + ζ22 + ζ32.
Deﬁnition 4.1. The Weierstrass data (g, η) of X satisﬁes
g = ζ3
ζ1 + iζ2 , η = ζ3 = 2〈Xw , E3〉 = 2hw .
The map g is called the Gauss map of X .
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vature function:
Proposition 4.1. If the mean curvature function H never vanishes, then the isothermal immersion X = (F ,h) : Σ → R3 can be
described by the Gauss map g and the mean curvature function H
Fw = 2gw
H(1+ |g|2)2 , Fw = −
2g2gw
H(1+ |g|2)2 , hw =
2ggw
H(1+ |g|2)2 .
Proof. The above equalities immediately follow from the results in [16]. We remark that, in the notations in [16], the
equality Ψ2 = −g holds. 
Conversely, given a prescribed harmonic map g from a simply connected Riemann surface to S2, we recover a branched
immersion X = (F ,h) of constant mean curvature H = 0 in R3 satisfying the above conditions. From the work in [16] we
ﬁnd that the metric induced on the w-plane via X equals to
ds2 = 4
H2
|gw |2
(1+ |g|2)2 |dw|
2.
We observe the similarity between the representation formula in Proposition 4.1 and the representation formula for
the maximal surfaces in Nil31(τ ) in Proposition 3.1. The horizontal parts are essentially indistinguishable. If we rotate the
horizontal part of the induced conformal chart of constant mean curvature in R3, then we recover the horizontal part of the
induced conformal chart of maximal surface in Nil31. Later, we shall build an explicit duality which explains the reciprocity
between the mean curvature constant H and the bundle curvature −τ . (See Theorem 6.1 in Section 6.)
Theorem 4.1. There is no complete maximal surface in Nil31(τ ) with τ = 0.
Proof. We assume to the contrary that there exists a complete maximal immersion X : Ω → Nil31(τ ), where Ω is a domain
in C. Since the metric dsτ
2 = dx2 + dy2 − [τ (y dx − xdy) + dz]2 of our ambient space Nil31(τ ) satisﬁes the estimation
dx2 + dy2  dsτ 2, it is obvious that the horizontal projection (x, y, z) → (x, y,0) increases the length of curves. Arguing as
in [20], we conclude that Σ = X(Ω) is an entire graph over the whole plane R2 × {0} and that the domain Ω is simply
connected.
After a change of the orientation, we may also assume that Gauss map g of Σ satisﬁes |g| < 1. Since Ω is a simply
connected domain and since g becomes a harmonic map to S2, the Kenmotsu Theorem in [16] allows to construct the
immersion X∗ : Ω → R3 satisfying that it has constant mean curvature τ = 0 and that its Gauss map is also the harmonic
map g . Since |g| < 1, we see that Σ∗ = X∗(Ω) is also a graph in R3.
Furthermore, according to our observation about the two representation formulas, after a rotation, we may assume that
Σ∗ and Σ have the same horizontal projection. Thus, Σ∗ becomes an entire graph over the whole plane R2 ×{0}. However,
this is impossible for Chern’s Theorem that there is no entire graph of non-zero constant mean curvature in R3. 
Remark 4.1. The correspondence Σ → Σ∗ in the above proof also can be obtained from Theorem 6.1 in Section 6.
Remark 4.2. Minimal surfaces in Nil3 and spacelike surfaces of constant mean curvature 12 in L
3 also admit similar rep-
resentation formulas [3,10]. C.B. Figueroa extended the proof of the Kenmotsu-type representation formula to obtain the
representation formula for minimal surfaces in Nil3 [14]. One may establish the Figueroa-type representation formula for
the maximal surfaces in Nil31(τ ).
5. Quadratic differentials on maximal surfaces in Nil31(τ )
The discovery of the holomorphic differential on surfaces of constant mean curvature in Riemannian manifolds E3(κ, τ )
by U. Abresch and H. Rosenberg is a striking result [1,2]. B. Daniel proved that the Abresch–Rosenberg differential on
minimal surfaces in Nil3 coincides with the Hopf differential of its harmonic Gauss map g into H2 up to a constant [10].
We encounter the same situation for the case of maximal surfaces in Nil31(τ ) with τ = 0.
Let X = (x + iy,h) = (F ,h) : Σ → Nil31(τ ) denote a conformal spacelike immersion of an oriented Riemann surface Σ
together with the conformal coordinate w = u + iv and with its Weierstrass data (g, η). In general, the (2,0)-part of
the complexiﬁed second fundamental form is not holomorphic on the maximal surface in Nil31(τ ). We perturb the Hopf
differential on Σ using the height differential η = 2〈Xw , L3〉.
Deﬁnition 5.1. We deﬁne the Hopf differential of the immersion X by
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2
〈
N,∇ Xu Xu − ∇ Xv Xv − i(∇ Xu Xv + ∇ Xv Xu)
〉
dw2
where the timelike unit normal N enjoys the equation
N = 2Re g
1− |g|2 L1 +
2 Im g
1− |g|2 L2 +
1+ |g|2
1− |g|2 L3.
We introduce the Abresch–Rosenberg differential by
P˜ = p˜ dw2 = (p − iτη2)dw2.
From now on, we assume that Σ has zero mean curvature. Since Theorem 3.1 says that its Gauss map g : Σ → C
satisﬁes the equation of harmonic maps to S2 equipped with the metric ( 2
1+|w|2 )
2|dw|2, we see that its Hopf differential Q
is holomorphic.
Deﬁnition 5.2. We deﬁne the Hopf differential Q of the Gauss map g by
Q = qdw2 = 4gw gw
(1+ |g|2)2 dw
2.
Theorem 5.1. When the spacelike immersion X : Σ → Nil31(τ ) has zero mean curvature, its Abresch–Rosenberg differential P˜ is
holomorphic on the surface Σ .
Proof. Instead of employing the argument with the Codazzi equation, we verify that the Abresch–Rosenberg differential P˜
coincides with the Hopf differential Q of the harmonic Gauss map g up to a constant. We keep the notations in Section 3.
We compute
∇ Xu Xu − ∇ Xv Xv − i(∇ Xu Xv + ∇ Xv Xu) = c1L1 + c2L2 + c3L3,
where the coeﬃcient functions c1, c2 and c3 are given by
(c1, c2, c3) =
(
2
∂φ1
∂w
− 2τφ2φ3,2∂φ2
∂w
+ 2τφ1φ3,2∂φ3
∂w
)
.
The deﬁnition of the Hopf differential P = p dw2 yields
p = 1
1− |g|2
[
2(Fww g + F ww g) + 2iτη(Fw g − F w g) − ηw
(
1+ |g|2)].
Using the formula (Fw , F w) = ( η2g , gη2 ), we deduce
Fww g + F ww g = 1
2
[(
1+ |g|2)ηw + ηgw
g
(|g|2 − 1)
]
and
Fw g − F w g = η
2
(
1− |g|2).
Combining the above three equations together with Lemma 3.4, we have
p˜ = p − iτη2 = − gw
g
η = − gw
g
· 4i
τ
· ggw
(1+ |g|2)2 =
i
−τ q.
Hence the quadratic differential P˜ = i−τ Q is holomorphic on Σ . 
6. The twin correspondence and maximal graphs in Nil31(τ )
We construct the twin correspondence between constant mean curvature graphs in R3 and maximal graphs in Lorentzian
Heisenberg space. Let’s consider the spacelike immersion Φ(x, y) = (x, y,q(x, y)) in Nil31(τ ) with the induced past-pointing
timelike normal NΦ :
NΦ = Φx × Φy = (L1 + aL3) × (L2 + bL3) = −aL1 − bL2 − L3,
where (a,b) = (qx + τ y,qy − τ x) and 〈NΦ,NΦ〉 = a2 + b2 − 1< 0. We then have the timelike unit normal
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1− a2 − b2 (−aL1 − bL2 − L3)
with 〈nΩ,nΩ 〉 = −1. One computes its ﬁrst fundamental form I:
〈Φx,Φx〉 = 1− a2, 〈Φx,Φy〉 = −ab, 〈Φy,Φy〉 = 1− b2.
The spacelike condition det I = 1− a2 − b2 > 0 says that the induced metric is positive deﬁnite. We denote
U :=
√
1− a2 − b2 =
√
1− (qx + τ y)2 − (qy − τ x)2.
The second derivatives of the immersion Φ are given by
∇ΦxΦx = 2τaL2 +
∂a
∂x
L3,
∇ΦyΦx = −τaL1 + τbL2 +
(
∂a
∂ y
− τ
)
L3,
∇ΦxΦy = −τaL1 + τbL2 +
(
∂b
∂x
+ τ
)
L3,
∇ΦyΦy = −2τbL1 +
∂b
∂ y
L3.
The coeﬃcients of the second derivatives satisfy the relation:
∂a
∂x
= qxx, ∂a
∂ y
− τ = qxy = ∂b
∂x
+ τ , ∂b
∂ y
= qyy .
The coeﬃcients of the second fundamental form induced by nΦ are
L = 〈nΦ,∇ΦxΦx〉 = −
1
U
(2τab − qxx),
M = 〈nΦ,∇ΦyΦx〉 = −
1
U
(
τ
(
b2 − a2)− qxy),
N = 〈nΦ,∇ΦyΦy〉 = −
1
U
(−2τab − qyy).
Lemma 6.1. If the graph z = q(x, y) is spacelike in Nil31(τ ), then we have
1− (qx + τ y)2 − (qy − τ x)2 > 0.
The zero mean curvature equation reads
0 = ∂
∂x
(
a√
1− a2 − b2
)
+ ∂
∂ y
(
b√
1− a2 − b2
)
or equivalently,
0 = (1− b2)qxx + 2abqxy + (1− a2)qyy,
where (a,b) = (qx + τ y,qy − τ x).
Remark 6.1. The aﬃne function q(x, y) = μ1x+μ2 y satisﬁes the zero mean curvature equation for Nil31(τ ). However, when
τ = 0, the spacelike constraint prevents the entire aﬃne solutions. It is because
0 < 1− (qx + τ y)2 − (qy − τ x)2 = 1− (μ1 + τ y)2 − (μ2 − τ x)2.
Theorem6.1. Let H ∈ R be a given constant. We have the twin correspondence CH between graphs z = h(x, y) over a simply connected
domain Ω of constant mean curvature H in R3 , i.e.,
2H = ∂
∂x
(
hx√
1+ hx2 + hy2
)
+ ∂
∂ y
(
hy√
1+ hx2 + hy2
)
and maximal graphs z = q(x, y) over Ω in Nil31(−H), i.e.,
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∂x
(
a√
1− a2 − b2
)
+ ∂
∂ y
(
b√
1− a2 − b2
)
, (a,b) = (qx − Hy,qy + Hx)
with the twin relation
(qx − Hy,qy + Hx) =
( −hy√
1+ hx2 + hy2
,
hx√
1+ hx2 + hy2
)
or
(hx,hy) =
(
b√
1− a2 − b2 ,
−a√
1− a2 − b2
)
, a2 + b2 < 1.
Proof. Let z = h(x, y) be the graph with constant mean curvature H in R3. Set α = hx , β = hy and ω =
√
1+ hx2 + hy2. We
rewrite the H-graph equation in the divergence-zero form
0 = ∂
∂x
(
α
ω
− H
)
+ ∂
∂ y
(
β
ω
− H
)
.
In other words, the induced one-form
J = −
(
β
ω
− H
)
dx+
(
α
ω
− H
)
dy
is closed. Then Poincaré’s Lemma brings us a potential function q with Dq = J . It is an easy job to check that the surface
z = q(x, y) becomes a maximal graph in Nil31(−H). 
Remark 6.2. We have two dualities between constant mean curvature surfaces in R3 and maximal surfaces in Lorentzian
Heisenberg space: one via the harmonic Gauss maps to S2, one via the graph duality. By the graph duality in Theorem 6.1,
the Gauss map g of the graph z = h(x, y) corresponds to the Gauss map ig of the graph z = q(x, y). Hence, our two
correspondences are the same.
Remark 6.3. We observe that Nil31(0) becomes the Lorentz space L
3 and that the correspondence C0 is the duality between
maximal surfaces in L3 and minimal surfaces in R3. In [5], L.J. Alías and B. Palmer established the equivalence of Bernstein’s
Theorem in R3 and Calabi’s Theorem in L3. Our graph duality shows that Theorem 4.1 is equivalent to Chern’s Theorem.
We then employ the twin correspondence in Theorem 6.1 to construct several maximal surfaces in Nil31(τ ).
Example 6.1. We consider the hemisphere z = h(x, y) = −√ρ2 − x2 − y2 over the disc x2 + y2 < ρ2, where ρ > 0. Its twin
graph with zero mean curvature in Nil31(− 1ρ ) is z = q(x, y) = c over the disc x2 + y2 < ρ2, where c is an arbitrary real
constant. We chart the disc z = 0 in Nil31(− 12 ) by
X =
(
4u
1+ u2 + v2 ,
4v
1+ u2 + v2 ,0
)
, w = u + iv, |w| < 1.
It is conformal since its induced metric ds2 is given by
ds2 = 16(1− u
2 − v2)2
(1+ u2 + v2)4
(
du2 + dv2).
From the conformal chart X , we recover its Gauss map g(w) = iw . The Hopf differential Q of the Gauss map g is identically
zero.
Example 6.2. Let θ ∈ R. We consider the lower part of the cylinder in R3
1 = ((sin θ)x− (cos θ)y)2 + z2.
Its twin graph of the lower part of the cylinder
z = h(x, y) = −
√
1− ((sin θ)x− (cos θ)y)2
becomes the maximal graph in Nil31(− 1 )2
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4
(
x2 − y2)+ cos(2θ)
2
xy
over the domain |(sin θ)x− (cos θ)y| < 1. We ﬁnd its conformal chart
X =
(
(cos θ)u − (sin θ) sin v, (sin θ)u + (cos θ) sin v,−1
2
u sin v
)
with the metric ds2 = cos2 v(du2 + dv2). We now compute the Gauss map g and its Hopf differential Q:
g(w) = − e
iθ sin v
1+ cos v , Q = −
1
4
dw2.
Example 6.3. Let θ ∈ (−π2 , π2 ). We consider the lower part of the cylinder in R3
1 = y2 + ((cos θ)z + (sin θ)x)2.
Applying the twin correspondence to the lower part of the cylinder
z = h(x, y) = −
√
1− y2
cos θ
− sin θ
cos θ
x,
we obtain its twin maximal graph in Nil31(− 12 )
z = q(x, y) = −1
2
xy − 1
2
sin θ
(
arcsin y + y
√
1− y2
)
, |y| < 1.
It admits the isothermal parametrization
X =
(
(cos θ)u − (sin θ) cos v, sin v,−cos θ
2
u sin v − sin θ
2
v
)
with the conformal metric ds2 = cos2 θ cos2 v(du2 + dv2). The surface is invariant under the one-parameter family of trans-
formations {Tλ, λ ∈ R}:
Tλ(x, y, z) =
(
x+ λ, y, z − λ
2
y
)
.
We compute the Gauss map g:
g(w) = − cos θ sin v + i sin θ
cos v + cos θ + i sin θ sin v
or
g(w) = cos(
θ
2 )(1− cos v) + i sin( θ2 ) sin v
−i sin( θ2 )(1− cos v) − cos( θ2 ) sin v
.
It only depends on the imaginary parameter v . Its differentials are given by
gw = gw = i
2
· 1− cos v
(−i sin( θ2 )(1− cos v) − cos( θ2 ) sin v)2
.
We obtain the Hopf differential Q of the Gauss map g
Q = 4gw gw
(1+ |g|2)2 dw
2 = −1
4
dw2.
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